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Abstract
A polynomial-like function (PLF) of degree n is a smooth function F whose nth derivative never
vanishes. A PLF has  n real zeros; in case of equality it is called hyperbolic; F(i) has  n − i real
zeros. We consider the arrangements of the n(n + 1)/2 distinct real numbers x(i)
k
, i = 0, . . . , n − 1,
k = 1, . . . , n− i, which satisfy the conditions x(i)
k
< x
(j)
k
< x
(i)
k+j−i . We ask the question whether all
such arrangements are realizable by the roots of a hyperbolic PLF and its derivatives. We show that
for n 5 the answer is negative.
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Consider the family of polynomials P(x, a) = xn + a1xn−1 + · · · + an, x, ai ∈ R.
A polynomial from the family is called (strictly) hyperbolic if all its roots are real (real
and distinct). If P is (strictly) hyperbolic, then such are P ′, . . . ,P (n−1). Hyperbolic are
the polynomials of all known orthogonal families (e.g., the Legendre, Laguerre, Hermite,
Tchebyshev polynomials).
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776 V.P. Kostov / Bull. Sci. math. 129 (2005) 775–781Notation 1. Denote by x1  · · · xn the roots of P and by x(k)1  · · · x(k)n−k the ones of
P (k). We set x(0)j = xj . In our examples we have n 5; we avoid double indices by writing
fj , sj , tj , lj (to match “first”, “second”, “third”, “last”) for the roots of P ′, P ′′, P ′′′, P (4).
Definition 2. Call arrangement (or configuration) of the roots of P,P ′, . . . ,P (n−1) the
complete system of strict inequalities and equalities that hold for these roots. We assume
that the roots are arranged in a chain in which any two roots occupying consecutive posi-
tions are connected with a sign < or =. An arrangement is called non-degenerate if there
are no equalities between any two of the roots, i.e. no equalities of the form x(j)i = x(r)q for
any indices i, j, q, r .
Definition 3. Arrangements are also defined by means of configuration vectors (CV).
On a CV the positions of the roots of P , P ′, P ′′, P ′′′, P (4) are denoted by 0,
f , s, t , l and coinciding roots are put in square brackets. E.g. for n = 5 the CV
([0f 0], s, f, t, l,0, s, f, t, s, [0f 0]) indicates that x1 = f1 = x2 < s1 < f2 < t1 < l1 <
x3 < s2 < f3 < t2 < s3 < x4 = f4 = x5.
The classical Rolle theorem implies that the roots of P and of its derivatives satisfy the
following inequalities:
∀ i < j, x(i)k  x(j)k  x(i)k+j−i . (1)
One has also the self-evident condition:((
x
(i)
k = x(i+1)k
)
or
(
x
(i)
k+1 = x(i+1)k
)) ⇒ (x(i)k = x(i+1)k = x(i)k+1
)
. (2)
The following lemma results from (1) and (2), see Lemma 4.2 in [5]:
Lemma 4. A root of multiplicity m < k of a hyperbolic polynomial P is at most a simple
root of P (k).
Remark 5. A result of R.M. Thrall (see [7]) says that for arbitrary n ∈ N∗ there are exactly(
n+1
2
)! 1!2!...(n−1)!1!3!...(2n−1)! possible non-degenerate arrangements of the real numbers x(i)j which
are compatible with (1). We call arrangements compatible with (1) and (2) also a priori
admissible.
Remark 6. 1) For n = 1,2 or 3 conditions (1) and (2) together are necessary and suffi-
cient for an arrangement (degenerate or not) to be realized by the roots of a hyperbolic
polynomial.
2) For n = 4 there are 12 non-degenerate a priori admissible arrangements (see Re-
mark 5) out of which only 10 are realizable by hyperbolic polynomials, see [1,2,5], or
[3]. The two missing arrangements (0, f,0, s, t, f,0, s, f,0) and (0, f, s,0, f, t, s,0, f,0)
are realizable by non-hyperbolic polynomials of degree 6 which are analytic perturba-
tions of the polynomial x4 − x2 + 5/36 (see [4]). The latter realizes the arrangement
(0, f, [0s], [f t], [0s], f,0).
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are realizable by hyperbolic polynomials, see [2]. It is intuitively clear that for larger n this
proportion is to drop even more dramatically because a hyperbolic polynomial has only n
coefficients while the number of roots of the polynomial and of all its derivatives equals
n(n + 1)/2. Therefore if one wants to realize all a priori admissible arrangements (or at
least the non-degenerate ones) one should try to do it by means of a class larger than the
one of hyperbolic polynomials.
Definition 7. A polynomial-like function (PLF) of degree n is a C∞-smooth real-valued
function whose nth derivative never vanishes (in our examples we assume that it is every-
where positive).
Remarks 8. 1) The notion of a PLF was introduced in paper [6] (whose authors call a PLF
a pseudopolynomial). It is clear that a PLF of degree n has  n real roots counted with the
multiplicities. In case of equality the PLF is called hyperbolic.
2) An analytic perturbation P(x) + εR(x), ε > 0, of a monic hyperbolic polynomial
P of degree n is a hyperbolic PLF of degree n if R is monic and degR − degP is even.
Indeed, deg(P + εR)(n) is even and for ε small enough this derivative has no real roots.
3) For n = 5 the observations from [2] give a hint which non-degenerate a priori admis-
sible arrangements which are not realizable by hyperbolic polynomials can be realized by
analytic perturbations of such.
Theorem 9. All a priori admissible arrangements for n = 4 (degenerate or not) are real-
izable by hyperbolic polynomials of degree 4 or by non-hyperbolic polynomials of degree
6 which are hyperbolic PLFs of degree 4. Exactly eight of the degenerate arrangements
cannot be realized by perturbations of hyperbolic polynomials of degree 4.
The theorem is proved in [4] which paper is the first step in an effort to answer a problem
formulated by B.Z. Shapiro: Is it true or not that hyperbolic PLFs of degree n realize all
a priori admissible arrangements (or at least the non-degenerate ones) of n(n + 1)/2 real
numbers x(i)j ? In the present paper we give a negative answer to the problem:
Theorem 10. If for the roots of a hyperbolic PLF F of degree 5 and its derivatives one has
s1  x2 < s2 and f2  t1, then one also has x3 < s2.
The theorem is proved at the end of the paper.
Corollary 11. For n = 5 all a priori admissible non-degenerate arrangements with s1 < x2,
f2 < t1 and s2 < x3 are not realizable by hyperbolic PLFs of degree 5.
Corollary 12. For n  5 all a priori admissible non-degenerate arrangements with
x
(n−3)
1 < x
(n−5)
2 , x
(n−4)
2 < x
(n−2)
1 and x
(n−3)
2 < x
(n−5)
3 are not realizable by hyperbolic
PLFs of degree n.
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lary 11. Hence, they are not realizable by hyperbolic PLFs of degree 5.
Proof. One has either s3 ∈ (f3, x4) or s3 ∈ (x4, f4). In the first case there are 9 possibili-
ties:
t2 ∈ (s2, x3) l1 ∈ (t1, s2) or (s2, t2),
t2 ∈ (x3, f3) l1 ∈ (t1, s2) or (s2, x3) or (x3, t2),
t2 ∈ (f3, s3) l1 ∈ (t1, s2) or (s2, x3) or (x3, f3) or (f3, t2).
When s3 ∈ (x4, f4), then all these possibilities exist (one must change, however t2 ∈
(f3, s3) in the third line by t2 ∈ (f3, x4)) and one must add the following five ones:
t2 ∈ (x4, s3) l1 ∈ (t1, s2) or (s2, x3) or (x3, f3) or (f3, x4) or (x4, t2).
This makes 9 + 9 + 5 = 23 non-degenerate arrangements. 
Remark 14. By analogy with the lemma one can show that other 23 a priori admissible
non-degenerate arrangements in which one has x4 < s3, t2 < f3 and x3 < s2 (hence, they
are all different from the ones from Lemma 13) are not realizable by hyperbolic PLFs of
degree 5.
Remarks 15. 1) The negative answer to the problem of B.Z. Shapiro raises the question
to characterize for each given n the a priori admissible arrangements (or at least the non-
degenerate ones) which are realizable by PLFs. It would also be interesting to know what
the proportion of the realizable ones and of all arrangements is, see Remark 5 and part 3)
of Remarks 6.
2) One can ask the question: What conditions except (1) and (2) have to be imposed
upon the n(n + 1)/2 real numbers x(k)j , k = 0, . . . , n − 1, j = 1, . . . , n − k, so that they
should be roots of a PLF of degree n and of its derivatives. (The question concerns not only
the arrangement defined by the numbers but the choice of the numbers themselves.) For
n = 3 an exhaustive answer is given in [6] in the form of a system of linear and quadratic
inequalities. For n 4 the question seems to be still open.
3) If a non-degenerate arrangement can be realized by a hyperbolic PLF f of degree n,
then it can be realized by a polynomial P (in general, not hyperbolic and of degree > n)
which is a hyperbolic PLF of degree n. To this end one has to approximate f (n) by a poly-
nomial Q = P (n) and leave the same constants of integration to obtain f , P respectively
from f (n), P (n) – the roots of the polynomials P,P ′, . . . ,P (n−1) will be close to the re-
spective roots of f,f ′, . . . , f (n−1), they will still be all distinct and will define the same
arrangement.
Proof of Theorem 10. 1◦. In the proof we use the same ideas as the ones from the proof
of the main theorem in [6]. Denote by ‖.‖ the length of a segment, by S(.) the non-oriented
area of a figure and by x(.) the x-coordinate of a given point.
2◦. Suppose first (in 2◦–3◦) that one has t1 = f2 and s1 = x2. Show that then one must
have x3 < s2. We represent on Fig. 1 the graphs of F , F ′, F ′′ and F ′′′ between s1 and s2,
V.P. Kostov / Bull. Sci. math. 129 (2005) 775–781 779Fig. 1. The graphs of F , F ′ , F ′′ and F ′′′.
one below the other. In the case when t1 = f2 and s1 = x2 all graphs are drawn by solid
lines.
3◦. As F (5) > 0, the derivative F (4) is an increasing function and its primitive F ′′′
is convex. Therefore if ‖AB‖ = ‖BD‖ (= ‖IJ‖ = ‖JM‖ = ‖PR‖ = ‖RS‖ = ‖UX‖ =
‖XY‖), see Fig. 1, then one has
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∣∣∣∣∣
x(A)∫
x(B)
F ′′′(τ )dτ
∣∣∣∣∣ = S(ABC) > S(DBE)
=
∣∣∣∣∣
x(D)∫
x(B)
F ′′′(τ )dτ
∣∣∣∣∣ = ‖KJ‖ − ‖MN‖,
hence, ‖IL‖ < ‖MN‖. This is true for any A and D, so one has S(IJKL) < S(JMNK)
and
t1 − s1 < s2 − t1 (3)
(compare with the main theorem from [6]). Indeed, for A = s1 (hence, ‖AB‖ = ‖BD‖ =
t1 − s1) one has
0 = F ′′(s1) = F ′′(t1) +
s1∫
t1
F ′′′(τ )dτ = ‖KJ‖ − S(ABC)
< ‖KJ‖ − S(DBE) = F ′′(t1) +
x(D)∫
t1
F ′′′(τ )dτ
= F ′′(x(D)) = F ′′(x(M)).
The inequality F ′′(x(M)) > 0 implies that M is between J and s2, i.e. one has (3).
4◦. In the same way, it follows from S(IJKL) < S(JMNK) that ‖PQ‖ < ‖ST ‖,
and as this is true for any points P and S such that ‖PR‖ = ‖RS‖, one has also
S(PRQ) < S(SRT ). This means that one has ‖UV ‖ > ‖YZ‖. The last inequality must
hold in particular for Y = x3 in which case one has ‖UV ‖ > 0 = ‖YZ‖, i.e. one has
x3 − f2 < f2 − s1 (the proof is analogous to the one of (3)). As f2 = t1 and as one must
have (3), then one must also have x3 < s2.
5◦. Suppose now that one has x2 > s1 and t1 > f2. (This means that one has R′ = f2
instead of R = f2 on Fig. 1.) The graphs of F ′ and F in this case are shown by dashed lines;
the tangent line to the graph of F at W is not vertical. The reasoning from 3◦ remains the
same (we do not use F ′ or F there). As in 4◦ one shows that ‖PQ′‖ < ‖PQ‖ < ‖ST ‖ <
‖ST ′‖. Hence, ‖UV ′‖ > ‖YZ′‖. When Y = x3, then one has ‖UV ′‖ > 0 = ‖YZ′‖, hence,
x3 − x(X) = x3 − t1 < t1 − x2. (4)
Suppose that s2  x3, i.e.
s2 − t1  x3 − t1. (5)
The inequalities (3), (4), (5) and t1 − x2 < t1 − s1 imply t1 − x2 < t1 − x2 which is a
contradiction. Hence, one must have s2 > x3.
6◦. If x2 = s1, t1 > f2 or x2 > s1, t1 = f2, then one shows that x3 < s2 in much the same
way. 
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